The main result of this work is the following theorem:
Introduction
The purpose of this work is to develop an analytic approach to the Jacobian Conjecture in the two-dimensional case, based on properties of linear differential operators generated by entire functions in general and by polynomials in particular. The Jacobian Conjecture in the two-dimensional case can be stated as follows: Let P, QeK[x, y] satisfy the Jacobian identity apaQ apaQ ---_--_=I * ax ay ay ax
If K is a field of zero characteristic, then P and Q generate K[x, y] as a K-algebra. To the best of my knowledge, the conjecture is still unproven. An exhaustive review of numerous attempts to prove it and of partial results obtained in this direction can be found in [l] . In this work we consider the case K= C. If the Jacobian Conjecture is true in this case, then it is true for every field K of zero characteristic (see [ll) .
The natural generalization of the Jacobian Conjecture to the ring of entire functions in two variables would be the following:
Let P(x, y), Q(x, y) be entire functions satisfying the Jacobian identity. Then every entire function in x,y is an entire function in P, Q.
Unfortunately, this conjecture fails. Let, for instance, P=eX and Q=ye-". These functions satisfy the Jacobian identity, but x is not an entire function in P, Q. There are other examples, some of them rather pathological (see [l] ). The fact that the Jacobian Conjecture fails in the analytic case posed the principal obstacle to all attempts to prove the Jacobian Conjecture by analytic methods. In this work we will formulate a conjecture which implies the Jacobian Conjecture for the polynomials, does not imply it for the entire functions and is true for P= e', Q =yepX. Let us call it the Analytic Jacobian Conjecture.
I was unable to find a counter-example to this modified conjecture. Throughout this paper E, will denote the ring of entire functions on C2. For PE E2, Dp : E, + E2 will denote the differential operator defined by:
ap af ap af up=--_--ax ay ay ax
Then the Analytic Jacobian Conjecture can be stated as follows:
Let P, Q be entire functions in x, y such that Dp(Q) = 1. Then Dp(E2) is dense in E2 (in the standard topology of E2 as a Frechet space).
We will prove that this conjecture implies the Jacobian Conjecture if P and Q are polynomials.
In fact a stronger result is true: If P is a polynomial and Dp(Ez) is dense in E2, then P = v(x), where v, : C[x, y] -+ C[x, y] is an automorphism of C[x, y]. This theorem will be presented in a separate paper.
It is easy to see that the modified conjecture is true for P = e', Q =yepX. In addition to this we will prove that the Analytic Jacobian Conjecture can be reduced to the question whether or not a certain Frechet space admits continuous linear operators with empty spectrum. Let L1 denote the closure of Dp(E2) in E2. It is easy to see that E1 is an invariant subspace for DQ. Therefore DQ can be considered as a continuous linear operator acting on E/L,. We will prove in this paper that DQ has an empty spectrum when considered as acting on E/L,. The question whether a given Frechet space admits continuous linear operators with empty spectrum is not a simple one. There are Frechet spaces which admit continuous linear operators with empty spectrum. On the other hand there are non-Banach Frechet spaces which do not admit such operators.
This is an open problem even for the space of entire functions of one variable. Examples can be found in [3] . I hope the results of this paper will give a new impetus to the attempts to solve the problem by analytic means.
Analytic Jacobian Conjecture
Throughout this paper E2 will denote the ring of entire functions on C2. E2 will always be considered as a Frechet space with the standard topology of uniform convergence on compact subsets of C2.
For J;geEz set Set Df(g) = [f g]. Then OS is a continuous derivation of E2. Let f, g E E2 satisfy the Jacobian identity: If, g] = 1. Such a pair of entire functions will be called a Jacobian pair. The functions f and g will be called members of the Jacobian pair cf;g). In this section we state a conjecture -the Analytic Jacobian Conjecture (abbreviated AJC), which implies the Jacobian Conjecture for polynomials:
Analytic Jacobian Conjecture (AJC). If f e E2 is a member of the Jacobian pair, then the image of Of is dense in E2.
In fact I was not able to find a counterexample to a stronger conjecture, namely that Of is surjective.
Throughout this section let P, Q E C[x, y] be a fixed Jacobian pair. Set T(X, y) = (P(x, y), Q(x, y)). Then 7 : C2 + C2 is a local homeomorphism.
The Jacobian Conjecture would follow if we were able to prove that 5 is injective. We will prove in this section that AJC implies the injectivity of T. To do this, we have to investigate the topological properties of the level curves {P= const.}. Let P= Pfl 1.. P$ be the decomposition of P into the product of prime factors. Let Si be the curve {Pi=O).
Since P is a member of a Jacobian pair, dP/ax and aP/dy do not have common zeroes. Therefore /cl = ... = k,, = 1, the curves Si are smooth affine curves and do not intersect in C2. Let Ji be the ideal of E2 generated by Pi and let Ai denote the ring of holomorphic functions on Si e Ji is a closed linear subspace of E2 and Ai = E,/Ji is a Frechet space. Since Dp is a continuous derivation of E2 and since Dp(Ji) c Ji, there exists for every i a unique continuous derivation Di of the ring Ai, which makes the following diagram commutative:
Here 71i is the natural projection with the kernel Ji. If the image of Dp is dense in E2, then, obviously, the image of Di is dense in Ai. We will prove that, in fact, if the image of II; is dense, then Dj is surjective. Let Qi denote the restriction of Q to s; . Proof. Let Oi denote the sheaf of germs of holomorphic functions on Si. Di can be considered as a sheaf homomorphism Di : Oi -+ Oi. It is easy to see that the following sequence of sheaves is exact:
The corresponding long exact sequence is:
H'(Si, Oi) = 0 since Sj is a smooth, irreducible affine curve. Di : Ai --t Ai is surjective by the corollary to Proposition 1.3. Therefore ~'(Si, C) = 0. The result now follows from the following lemma, the proof of which is given in the appendix:
Lemma 1.5.
Let S be a smooth, irreducible affine curve. If H'(S, C) = 0, then S is isomorphic to C' as an algebraic curve. Cl
Now we will prove that, in fact, the density of the image of Dp implies the irreducibility of P. To do this we need the following lemma first:
Lemma 1.6. Let B,, B2 E C[x, y] satisfy the following conditions: (i) The curves {B, = 0} and { B2 = 0} are isomorphic to C' as algebraic curves. (ii) The curves (B, = 0} and {B2 = 0} do not intersect. Then B,=aB,+B;
a,flEC; a,p#O.
Proof. Consider the restriction of B2 to the curve {B1 =O). Since the curves do not intersect, this restriction is never zero. Since the curve {B, =0} is isomorphic to C', the restriction of the polynomial B, to this curve must be a constant. Thus
B2 = Tl B1 + p, . Similarly, B, = T2B2 + & where pr, & E C; T,, T2 E G[x, y]. Therefore deg B2 = deg T, + deg B, and deg B, = deg T2 + deg BZ, which implies that deg T, = deg T,=O and T,, T,E~. 0 Proposition 1.7. If Dp has a dense image, then P -1 is irreducible for every I E C.
Proof. It will suffice to prove the result for A = 0. Let P,, . . . , P,, be the irreducible components of P. By Proposition 1.4 and Lemma 1.6, Pi = aiPl+ pi for iz 1. Then
P= fi (aiPl+Pi)=F(P,)EC[P,]
and degF=n. Proof. We will prove that for any f, g E E2, u, g] E L, + L2. This will obviously suffice to prove the lemma. The proof is based on Lemma 2.1: 
E-E
Moreover, it implies that 6, is injective. Lemma 2.2 implies that B2 is surjective and, therefore, an isomorphism.
Proposition 2.4. For every ,l EC, D2-U is an isomorphism of E.
Proof. Multiplication by an entire function of P can be considered as a homomorphism of E. Multiplication by e lp is an isomorphism of E, and lj-lJ= eAp od, 0 e-I'. Hence D'2 -AZ is an isomorphism.
We will prove an analog of Lemma 2.3 for Ei, but to do this we need the following lemma, the proof of which is given in the appendix: 
B(f)= (E$;) and A(i) =D2(f)-Dl(g).
Lemma 2.6. The sequence E2 z E2 0 E2 5 E2 + 0 is exact. n-w The desired result follows from the fact that B is invertible. Now set h =AemP, and the set (w(J.,),..., w(An.+,)) is linearly dependent -a contradiction.
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